Abstract. In this paper, it is proven that every multiplicative bijective map, Jordan bijective map, Jordan triple bijective map on generalized matrix algebras is additive.
1. Introduction. Let R be a commutative ring with identity, A and B be two algebras (maybe without identity) over R. under the usual matrix-like addition and matrix-like multiplication, where at least one of the two bimodules M and N is distinct from zero. Obviously, the triangular algebras studied in [1] are a kind of generalized matrix algebras. We refer the reader to [11, Section 2] for some classical examples of generalized matrix algebras.
We now introduce some needed definitions. Let φ be a map from A to B and a, b, c be arbitrary elements of A.
(1) φ is said to be multiplicative if φ(ab) = φ(a)φ(b). It is of interest to study the relationship between the multiplication and the addition of an algebra. Martindale in [9] found that every multiplicative bijective map from A to an arbitrary algebra is additive if A contains a nontrivial idempotent. We would like to point out that the algebra on which Martindale worked is in fact a kind of generalized matrix algebra (see [11, (2. 1)]). Following the standard argument of [9] , several mathematicians have investigated the additivity of maps on rings as well as operator algebras (see [3, 4, 7, 8, 10] ).
As far as we know, Cheung [2] first initiated the study of linear maps on triangular algebras. He determined the class of triangular algebras on which every commuting linear map is proper. Motivated by the aforementioned results, Ling and Lu in [6] studied Jordan maps of nest algebras, a kind of triangular algebras coming from operator theory. They showed that every Jordan bijective map on a standard subalgebra of a nest algebra is additive. This result was extended by Ji [5] to Jordan surjective map pair of triangular algebras. Recently, Cheng and Jing in [1] proved that every multiplicative bijective map, Jordan bijective map, Jordan triple bijective map and elementary surjective map on triangular algebras is additive. On the other hand, Wei and Xiao in [11] extended the main results of [2] to generalized matrix algebras. Therefore, it is natural to consider the additivity of the above defined maps on generalized matrix algebras.
Throughout this paper, let G be a generalized matrix algebra Mat(A, M, N, B). We always assume that M is faithful as a left A-module and also as a right B-module, but no further conditions on N . For convenience, we set
Then every element a ∈ G could be written as a = a 11 + a 12 + a 21 + a 22 , where a ij ∈ G ij . This special structure allows us to borrow the argument in [9] even without the existence of nontrivial idempotents.
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Theorem 2.1. Let A and B be two algebras over a commutative ring R. Let M be faithful as a left A-module and also as a right B-module. Let G be the generalized matrix algebra Mat(A, M, N, B) which satisfies
(1) for a ∈ A, aA = 0 or Aa = 0 implies that a = 0, (2) for b ∈ B, bB = 0 or Bb = 0 implies that b = 0, (3) for m ∈ M , Am = 0 or mB = 0 implies that m = 0, (4) for n ∈ N , Bn = 0 or nA = 0 implies that n = 0.
Then a multiplicative bijective map φ from G onto an arbitrary ring R ′ is additive.
We need the following lemmas.
Proof. Since φ is surjective, there exists a ∈ G such that φ(a) = 0. Therefore,
Lemma 2.3. For a 11 ∈ G 11 , b 12 ∈ G 12 , and d 22 ∈ G 22 , we have
Proof. Choose c ∈ G such that φ(c) = φ(a 11 ) + φ(b 12 + d 22 ). For arbitrary t 22 ∈ G 22 , it is clear that
Thus, t 22 c = t 22 d 22 , and hence, c 21 = 0 and c 22 = d 22 . For s 11 ∈ G 11 , we have
Then cs 11 = a 11 s 11 , and hence, c 11 = a 11 . In order to determine c 12 , we get 
Using a similar method as in Lemma 2.3, we obtain the following lemma.
Lemma 2.5. For a 11 ∈ G 11 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have
Corollary 2.6. For a 11 ∈ G 11 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have
Lemma 2.7. For a 11 ∈ G 11 , b 12 , c 12 ∈ G 12 , e 21 , f 21 ∈ G 21 , and d 22 ∈ G 22 , the following two identities hold:
Proof. We first prove (1). By Corollary 2.4, we have
The claim (2) can be proved similarly by Corollary 2.6.
Proof of Theorem 2.1.
Step 1. φ is additive on G 12 and G 21 .
For arbitrary a 12 , b 12 ∈ G 12 , we need to prove φ(a 12 + b 12 ) = φ(a 12 ) + φ(b 12 ). Choose an element c ∈ G such that φ(c) = φ(a 12 ) + φ(b 12 ). For s 11 ∈ G 11 and t 22 ∈ G 22 , we have 
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Note that the last equality follows from Lemma 2.7 (1). Hence, s 11 ct 22 = s 11 a 12 t 22 + s 11 b 12 t 22 . It follows that c 12 = a 12 + b 12 . Moreover, φ(cs 11 ) = φ(c)φ(s 11 ) = (φ(a 12 ) + φ(b 12 ))φ(s 11 ) = 0. This implies that c 11 = 0 and c 21 = 0. By considering φ(t 22 c), we obtain c 22 = 0. Hence, φ is additive on G 12 . By Lemma 2.7 (2), we can similarly prove that φ is additive on G 21 .
Step 2. φ is additive on G 11 and G 22 .
For arbitrary a 11 , b 11 ∈ G 11 , we need to show φ(a 11 + b 11 ) = φ(a 11 ) + φ(b 11 ). Choose an element c ∈ G such that φ(c) = φ(a 11 ) + φ(b 11 ). Take s 11 ∈ G 11 and t 22 ∈ G 22 , it is easy to know that φ(t 22 c) = 0 and φ(s 11 ct 22 ) = 0. Hence, c 21 = 0, c 22 = 0, c 12 = 0.
On the other hand, for u 12 ∈ G 12 , it follows from Step 1 that
Therefore, cu 12 = a 11 u 12 + b 11 u 12 . Since M is faithful as a left A-module, we now get that c 11 = a 11 + b 11 . Hence, φ is additive on G 11 . The additivity of φ on G 22 can be proved similarly.
Step 3.
Firstly, we show that φ(a 11 + b 12 + c 21
) for f ∈ G, then for s 11 , t 11 ∈ G 11 , we have φ(s 11 f t 11 ) = φ(s 11 )φ(a 11 )φ(t 11 ) = φ(s 11 a 11 t 11 ). Hence, f 11 = a 11 . Similarly f 12 = b 12 , f 21 = c 21 , and f 22 = d 22 . Now for arbitrary a, b ∈ G, we have
This completes the proof of the main theorem.
Clearly when N = 0, our Theorem 2.1 degenerates to [1, Theorem 2.1].
We end this section by a corollary as follows. R. Let M be faithful as a left A-module and also as a right B-module, and G be the generalized matrix algebra Mat (A, M, N, B) . Then a multiplicative bijective map φ from G onto an arbitrary ring R ′ is additive.
3. Jordan maps. In this section, we shall study the additivity of Jordan maps on generalized matrix algebras. However, for Mat(A, M, N, B), we have to assume that N is faithful as a left B-module and also as a right A-module.
Theorem 3.1. Let A and B be two algebras over a commutative ring R. Let M be faithful as a left A-module and also as a right B-module and N be faithful as a left B-module and also as a right A-module. Let G be the generalized matrix algebra Mat(A, M, N, B) which satisfies
Then a Jordan bijective map φ from G onto an arbitrary ring R ′ is additive.
We first prove some lemmas.
Lemma 3.3. For a 11 ∈ G 11 , b 12 ∈ G 12 , and d 22 ∈ G 22 , we have
Proof. We only prove φ(a 11 
with c ∈ G. Then for arbitrary t 22 ∈ G 22 , we have and hence c 11 = a 11 .
Corollary 3.4. For a 11 ∈ G 11 , b 12 ∈ G 12 , and d 22 ∈ G 22 , we have
The following lemma is an analogue of Lemma 3.3.
Lemma 3.5. For a 11 ∈ G 11 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have
Corollary 3.6. For a 11 ∈ G 11 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have
Lemma 3.7. For a 11 ∈ G 11 , b 12 , c 12 ∈ G 12 , e 21 , f 21 ∈ G 21 , and d 22 ∈ G 22 , the following two equalities hold. Lemma 3.10. For x ∈ G, a 11 ∈ G 11 , and b 22 ∈ G 22 , we have
Proof. We only prove the claim (1). Let φ(c) = φ(x) + φ(a 11 ) for some c ∈ G. Then for all t 22 ∈ G 22 , φ(ct 22 + t 22 c) = φ(xt 22 + t 22 x) + φ(t 22 a 11 + a 11 t 22 ) = φ(xt 22 + t 22 x).
So ct 22 + t 22 c = xt 22 + t 22 x. This implies that c 12 = x 12 , c 21 = x 21 , and c 22 = x 22 . Moreover, for all t 11 ∈ G 11 , φ(ct 11 + t 11 c) = φ(xt 11 + t 11 x) + φ(t 11 a 11 + a 11 t 11 ).
Therefore, for u 12 ∈ G 12 , we have φ(u 12 (ct 11 + t 11 c) + (ct 11 + t 11 c)u 12 ) =φ(u 12 xt 11 + xt 11 u 12 + t 11 xu 12 ) + φ(a 11 t 11 u 12 + t 11 a 11 u 12 ) =φ(u 12 xt 11 + x 11 t 11 u 12 + x 21 t 11 u 12 + t 11 xu 12 ) + φ(a 11 t 11 u 12 + t 11 a 11 u 12 ) =φ(u 12 xt 11 + x 11 t 11 u 12 + x 21 t 11 u 12 + t 11 xu 12 + a 11 t 11 u 12 + t 11 a 11 u 12 ).
Note that in the last equality we applied Lemma 3.3. It follows that c 11 t 11 u 12 + t 11 c 11 u 12 = x 11 t 11 u 12 + t 11 x 11 u 12 + a 11 t 11 u 12 + t 11 a 11 u 12 . Note that M is faithful as a left A-module, then c 11 t 11 + t 11 c 11 = x 11 t 11 + t 11 x 11 + a 11 t 11 + t 11 a 11 .
This implies that
On the other hand,
Therefore, we obtain φ(a 11 b 12 + c 21 d 11 ) = φ(a 11 b 12 ) + φ(c 21 d 11 ).
Proof of Theorem 3.1.
Step
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Yanbo Li and Zhankui Xiao (3) for m ∈ M , Am = 0 or mB = 0 implies that m = 0, (4) for n ∈ N , Bn = 0 or nA = 0 implies that n = 0.
Then a Jordan triple bijective map φ from G onto an arbitrary ring R ′ is additive.
The following lemmas are needed.
Lemma 4.3. For a 11 ∈ G 11 , b 12 ∈ G 12 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have
Proof. We only prove φ(a 11 +b 12 +d 22 ) = φ(a 11 +b 12 )+φ(d 22 ), the other equations are proved similarly. Let φ(c) = φ(a 11 + b 12 ) + φ(d 22 ) for some c ∈ G. It is easy to know that φ(stc + cts) = φ(sta 11 + stb 12 + a 11 ts + b 12 ts) + φ(std 22 + d 22 ts) for all s 11 ∈ G 11 and t 12 ∈ G 12 . Then φ(s 11 t 12 c) = φ(s 11 Corollary 4.4. For a 11 ∈ G 11 , b 12 ∈ G 12 , e 21 ∈ G 21 , and d 22 ∈ G 22 , we have It is proven similarly that φ is additive on G 12 .
Lemma 4.7. φ is additive on G 11 and G 22 .
Proof. For a 11 , b 11 ∈ G 11 , let φ(c) = φ(a 11 ) + φ(b 11 ) for some c ∈ G. For u 11 , v 11 ∈ G 11 and s 22 , t 22 ∈ G 22 , computing as in Lemma 4.6, we get c 21 = 0 and c 12 = 0. Taking s 11 ∈ G 11 and t 21 ∈ G 21 , one can obtain c 22 = 0 easily. Finally, considering s 22 ∈ G 22 and t 12 ∈ G 12 , it follows from Lemma 4.6 that c 11 = a 11 + b 11 . Then we get c = a 11 + b 11 . Similarly, we can prove φ is additive on G 22 . Lemma 4.8. For x ∈ G, a 11 ∈ G 11 , and b 22 ∈ G 22 , we have (1) φ(x + a 11 ) = φ(x) + φ(a 11 ), Proof. (1) Let φ(c) = φ(x) + φ(a 11 ) for some c ∈ G. For u 11 
